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We calculate the electronic structure of germanium-tin (Ge1−xSnx) binary alloys for 0 ≤ x ≤ 1 us-
ing density functional theory (DFT). Relaxed alloys with semiconducting or semimetallic behaviour
as a function of Sn composition x are identified, and the impact of epitaxial strain is included by
constraining supercell lattice constants perpendicular to the [001] growth direction to the lattice
constants of Ge, zinc telluride (ZnTe), or cadmium telluride (CdTe) substrates. It is found that
application of 1% tensile strain reduces the Sn composition required to bring the (positive) direct
band gap to zero by approximately 5% compared to a relaxed Ge1−xSnx alloy having the same gap
at Γ. On the other hand, compressive strain has comparatively less impact on the alloy band gap at
Γ. Using DFT calculated alloy lattice and elastic constants, the critical thickness for Ge1−xSnx thin
films as a function of x and substrate lattice constant is estimated, and validated against supercell
DFT calculations. The analysis correctly predicts the Sn composition range at which it becomes en-
ergetically favourable for Ge1−xSnx/Ge to become amorphous. The influence of stoichiometry and
strain is examined in relation to reducing the magnitude of the inverted (“negative”) Γ−7 -Γ
+
8 band
gap, which is characteristic of semimetallic alloy electronic structure. Based on our findings, strate-
gies for engineering the semimetal-to-semiconductor transition via strain and quantum confinement
in Ge1−xSnx nanostructures are proposed.
I. INTRODUCTION
Germanium-tin (Ge1−xSnx) alloys have attracted at-
tention in recent years due to the indirect-to-direct band
gap transition occurring as incorporation of Sn into Ge
is increased to x ≈ 0.06 − 0.1. The emergence of a di-
rect band gap, combined with the reduction of the band
gap energy with increasing Sn composition x, has moti-
vated recent investigations of bulk-like Ge1−xSnx,1–4 and
Ge1−xSnx nanostructures.5 Applications of Ge1−xSnx al-
loys in photonic devices, including semiconductor lasers
and light-emitting diodes,6–8 and in electronic devices, in-
cluding tunnelling field-effect transistors,9–12 have been
proposed and investigated. A motivation driving much
of this interest is the potential for greater compatibility
for on-chip photonic device integration with silicon-based
microelectronics offered by use of a group-IV alloy.
Theoretical investigations have shown that the
Ge1−xSnx band gap closes for Sn compositions 0.20 .
x . 0.40, with alloys at higher x being inverted-
gap semimetals.13–15 This provides motivation to study
Ge1−xSnx alloys at higher Sn compositions for po-
tential applications in novel electronic devices. Here,
we consider the potential to engineer the semimetal-
to-semiconductor transition in Ge1−xSnx to facilitate
the formation of monomaterial Schottky-like junc-
tions, for applications in confinement-modulated-gap
electronics.16,17 The objective is to exploit quantum con-
finement effects in semimetallic thin films, nanowires or
two-dimensional layers to create a thick semimetallic re-
gion abutting a thin semiconducting region.16,18–21 In the
latter region, the nanostructure thickness is chosen below
the length required to induce the opening of a band gap
via quantum confinement, thereby allowing formation of
a Schottky-like barrier within a single material.16,22 No-
tably, for such a junction no impurity doping is required,
thereby eliminating fabrication challenges such as dopant
segregation and dopant fluctuations on the few nanome-
tre scale, nor is there a requirement to create a hetero-
junction. Electronic devices can be engineered with criti-
cal dimensions just above and below the critical length for
quantum confinement to create rectifying diodes from the
thick/thin junction’s rectifying characteristics, or transis-
tors by gating back-to-back thick/thin junctions.16 The
thinner region becomes semiconducting due to quantum
confinement. If the alloy is intrinsic, the Fermi level in
this thinner region lies approximately midgap, while the
thicker region remains semimetallic. The semimetallic re-
gion’s work function approximately aligns to the midgap
Fermi level due to the fact the two regions have simi-
lar electronegativities leading to relatively small charge
transfer across the junction. Hence the conduction and
valence band offsets are roughly symmetric, each being
approximately equal to one-half of the magnitude of the
quantum confinement-induced band gap.22
Diamond-structured α-Sn is a group-IV semimetal,
with its crystal structure and electronic properties mak-
ing it promising for electronics applications. How-
ever, the use of semimetallic α-Sn for device engineer-
ing presents two severe challenges from a practical per-
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spective. The first of these is due to the structural in-
stability of the α phase for temperatures > 13.2 ◦C at
standard pressure, where it undergoes a phase transi-
tion to the tetragonal, metallic β phase.23,24 Growth of
lattice-matched α-Sn thin films having thicknesses up to
500 nm has been reported,25,26 with the temperature at
which the α-Sn to β-Sn phase transition occurs increas-
ing to approximately 70◦C.25 However, this temperature
is not sufficiently high for transistor operating condi-
tions, which can exceed 100◦C. Additionally, the higher
phase transition temperature remains far less than tem-
peratures required during conventional integrated circuit
fabrication. A second challenge is presented by the “in-
verted” band structure of α-Sn,27 which admits a large
separation of > 0.5 eV between the Γ−7 and Γ
+
8 states.
This large “negative” Γ−7 -Γ
+
8 band gap must be over-
come by confinement effects in a thin film or nanowire
to open a band gap,28 which is required for creating a
thick/thin junction for use as a Schottky-like barrier.
Furthermore, the growth of thin films is in general con-
strained by critical thickness limitations in the presence
of substrate lattice mismatch, presenting further chal-
lenges for the growth of structurally stable α-Sn films.
Here, we explore Ge1−xSnx alloys as a candidate mate-
rial system to overcome these limitations in relation to
confinement-modulated-gap electronic devices.16
The evolution of the Ge1−xSnx band gap with increas-
ing Sn composition – from an indirect-gap semiconduc-
tor in Ge to an inverted-direct-gap semimetal in α-Sn –
suggests a mechanism for engineering the length scale at
which the onset of a confinement-induced semimetal-to-
semiconductor transition occurs. In the absence of strain,
incorporation of Ge in α-Sn reduces the magnitude of the
inverted Γ−7 -Γ
+
8 energy gap. Reducing the magnitude of
this negative band gap therefore relaxes constraints on
nanostructure sizes required to open a band gap via quan-
tum confinement. Predictions as to the precise nature of
the inverted energy gap vary, being direct or indirect, or
whether the zone-centre band ordering is topologically
trivial or non-trivial.15,29 Here, we quantify the impact
of alloy composition and strain in reducing the magni-
tude of the negative band gap in semimetallic Ge1−xSnx.
Ge incorporation in α-Sn also enhances thermal lattice
stability compared to α-Sn, with the potential for mate-
rials processing at higher temperatures.25,30
Due to the low solid solubility of Sn in Ge,31 growth of
Ge1−xSnx alloys with Sn compositions in the semimetal-
lic range x & 0.20 is challenging. Recent investiga-
tions have demonstrated that larger Sn compositions can
be achieved in free-standing nanostructures due to en-
hanced strain relaxation relative to bulk-like epitaxial
layers.5,32–35 Sn incorporation has been demonstrated
to correlate with thickness in thin film growth, with
x ≈ 0.46 achieved via growth of films having a thick-
ness of ≈ 3 nm.35 We have also recently quantified the-
oretically how miscibility can be increased via growth
on lattice-matched substrates.36 Experimentally, growth
at x ≈ 0.50 has been achieved on gallium antimonide
(GaSb) substrates.32
Application of tensile strain has been predicted to in-
duce an indirect- to direct-gap transition in Ge.37–39
While application of high tensile strain can induce
a semiconducting-to-semimetallic transition in Ge, the
required strains – corresponding to ≈ 4.5% lattice-
mismatch in a pseudomorphically strained, [001]-oriented
epitaxial layer39 – are sufficiently large that critical thick-
ness limitations make this level of strain impractical.
However, the results of Ref. 39 suggest that tensile strain
can be exploited to reduce the Sn composition at which
Ge1−xSnx becomes semimetallic. To provide a system-
atic analysis of the incorporation of higher Sn composi-
tions in Ge1−xSnx, and to determine the resulting im-
pact on the electronic structure, we undertake first prin-
ciples electronic structure calculations for pseudomorphi-
cally strained Ge1−xSnx as a function of both Sn com-
position and strain. The latter is investigated by pseu-
domorphically straining Ge1−xSnx alloy supercells with
respect to Ge, ZnTe and CdTe substrates, with ZnTe
and CdTe chosen as they respectively possess lattice con-
stants close to that of the fictitious zinc blende IV-IV
compound zb-GeSn,40,41 and of α-Sn. To assess the fea-
sibility of thin film growth at different strains and al-
loy stoichiometries, we also compute the critical thick-
ness of pseudomorphically strained Ge1−xSnx, thereby
quantifying strain-related limitations to pseudomorphic
growth. This allows a balance between achieving a de-
sired electronic structure and the chosen stoichiometry
and strain, while considering achievable epitaxial thin
film thicknesses.
The remainder of this paper is organised as follows. In
Sec. II we describe the theoretical methods employed in
our analysis, focusing respectively in Secs. II A, II B, II C
and II D on DFT calculations, alloy special quasi-random
structures (SQSs), the impact of pseudomorphic strain
on the band structure, and critical thickness limita-
tions. Our results are presented in Sec. III, beginning
in Sec. III A with our study of the evolution of the band
gap of unstrained Ge1−xSnx alloys across the full alloy
composition range. Sec. III B is concerned with the im-
pact of pseudomorphic strain on the band gap evolution
in Ge1−xSnx grown on Ge, ZnTe and CdTe substrates.
A comparison between the strained band gaps calculated
by DFT and those calculated via deformation potential
theory is presented in Sec. III C, where we also describe
the critical thickness of strained Ge1−xSnx grown on Ge,
ZnTe or CdTe substrates, and quantify the ability to
combine alloying and strain to engineer the composition
at which the band gap energy becomes zero, demarcating
the boundary between semiconducting and semimetallic




A. Electronic structure: density functional theory
Our analysis of the structural, elastic and electronic
properties of Ge1−xSnx alloys is based on Kohn-Sham
DFT.42 Structural relaxations are carried out in the
local density approximation (LDA).43 Electronic band
structures are calculated using the Tran-Blaha mod-
ified Becke-Johnson (TB-mBJ) meta-generalised gra-
dient approximation (meta-GGA) exchange-correlation
potential,44 in order to overcome the band gap under-
estimation typical of the LDA in the Kohn-Sham formal-
ism. Due to large relativistic effects for Sn, our electronic
structure calculations include spin-orbit coupling. How-
ever, spin-orbit coupling is neglected during structural
relaxations, which reduces computational time with neg-
ligible differences in the final relaxed ionic positions. Our
DFT calculations employ a basis of numerical atomic or-
bitals (NAOs),45–47 with a cut-off energy of 100 Ha for
real-space integration. Reciprocal space integration is
carried out using Γ-centred Monkhorst-Pack grids48 with
a density of ≥ 7 k-points / Å−1 along each reciprocal lat-
tice vector. For Ge we employ a NAO basis consisting
of four s, four p, three d and two f orbitals per atom
(s4p4d3f2). We employ norm-conserving pseudopoten-
tials in which the (4s)2 and (4p)2 states of Ge are treated
explicitly as valence states. The semi-core (3d)10 states
of Ge are treated as core states, since unfreezing them
has been demonstrated to have a minimal impact on the
calculated electronic structure.40,49 For Sn we employ a
s4p4d3f2 NAO basis, and norm-conserving pseudopoten-
tials in which the (4d)10, (5s)2 and (5p)2 orbitals are
treated explicitly as valence states. The Becke-Roussel
mixing parameter c in the TB-mBJ exchange-correlation
potential is treated as an adjustable parameter, and var-
ied independently for Ge and Sn in order to accurately
reproduce the overall band structure of Ge and α-Sn. We
use cGe = 1.100 and cSn = 1.225 for our TB-mBJ calcu-
lations. The accuracy of this approach to simulate the
Ge1−xSnx electronic structure has been verified recently
by several groups.15,40,49
Figures 1(a) and 1(b) respectively show the band struc-
ture and density of states (DOS) of Ge and α-Sn calcu-
lated using this approach. Comparison of the results of
our DFT calculations to experimental data and to pre-
vious calculations is provided in Table I, where we list
the LDA-calculated lattice and elastic constants, as well
as the TB-mBJ-calculated direct Γ−7 -Γ
+
8 and indirect L6-









8 ), the valence band
(VB) spin-orbit splitting energy ∆0 = E(Γ
+
8 ) − E(Γ+7 ),
and the VB edge axial and shear deformation potentials
b and d. Where possible in Table I we compare the re-
sults of our DFT calculations to experimental measure-
ments. We note that our LDA-calculated lattice and elas-
tic constants slightly underestimate measured values, as
expected based on the known properties of the LDA XC
functional.50 Our TB-mBJ-calculated direct and indirect
band gaps are in good quantitative agreement with pre-
vious calculations and with low-temperature experimen-
tal measurements. For the hydrostatic, axial and shear
deformation potentials, few experimental data are avail-
able. Here, to evaluate the accuracy of our calculated
hydrostatic deformation potentials ag we note that the
corresponding, measurable band gap pressure coefficient
dEg




B , where B =
1
3 (C11 + 2C12)
is the bulk modulus.51 Using the values from Table I we
respectively compute
dEg
dP = 12.87 and 4.53 meV kbar
−1
for the pressure coefficients associated with the direct Γ−7 -




8 band gaps of Ge.
We note that these values are in excellent quantitative
agreement with the recently measured values of 12.9 and
4.3 meV kbar−1 for Ge,52 as well as with previous experi-
mental measurements53–55 and theoretical calculations.51
For Ge1−xSnx alloy supercell TB-mBJ calculations, we
interpolate the Becke-Roussel mixing parameter c as
c(x) =
(1− x) ΩGe cGe + xΩSn cSn
(1− x) ΩGe + xΩSn
, (1)
where ΩSn and ΩGe are the equilibrium volumes of α-Sn
and Ge primitive unit cells, respectively. Equation (1)
therefore gives the mixing parameter by weighting cGe
and cSn based on the fractional volume each element oc-
cupies in an alloy supercell at Sn composition x, thereby
weighting exchange-correlation effects based upon the
difference in covalent radii of Ge and Sn.
B. Strained special quasi-random supercells
Our DFT calculations are computationally demanding
and therefore impose practical limits to the atomistic su-
percell sizes that can be employed to treat a disordered
alloy such as Ge1−xSnx. We therefore use the special
quasi-random structure (SQS) supercell approach.73,74 A
SQS is constructed by minimising the difference between
supercell lattice correlation functions and those associ-
ated with a random binary alloy, with the goal of provid-
ing a best approximation to a random alloy using a finite
supercell. Our calculations employ 64-atom (2 × 2 × 2
simple cubic) Ge1−xSnx SQSs, generated stochastically
using a simulated annealing procedure as implemented
in the Alloy Theoretic Automated Toolkit (ATAT).36,75
To simulate [001]-oriented Ge1−xSnx strained epitaxial
layers, we apply pseudomorphic strain by (i) restricting
the supercell lattice constant in the plane perpendicu-
lar to the [001] growth direction to be equal to that of
a chosen substrate material, and (ii) performing struc-
tural relaxation by allowing the lattice constant along
the growth direction, and the internal atomic degrees of
freedom (ionic positions), to relax freely to minimise the
lattice free energy.36
The use of SQS supercells results in (i) local relax-
ation of the crystal lattice, which breaks the underlying
4
TABLE I: DFT-calculated lattice and elastic constants, and electronic properties of Ge and α-Sn, compared to previous
theoretical calculations and experimental measurements. The lattice and elastic constants a, C11, C12 and C44 were computed










8 ), the VB spin-orbit splitting
energy ∆0 = E(Γ
+
8 ) − E(Γ
+









the VB edge axial deformation potential b(Γ+8 ) were computed via meta-GGA (TB-mBJ) DFT.
Ge α-Sn
Parameter Unit This work Theory Experiment This work Theory Experiment
a Å 5.64 5.646a 5.657b 6.47 6.49a 6.489c
C11 GPa 122.96 122
d, 128.53e, 68.27 68d, 69f
142.5 g 128.9h 72.53g 70i
C12 GPa 49.75 47
d, 48.25e, 36.59 34d 29.3f
58.5g 48.3h 29.73g 33i
C44 GPa 60.83 86
d, 66.8e, 28.98 53d, 36.2f
58.7g 67.1h 29.9g 32i
E(Γ−7 ) − E(Γ
+
8 ) eV 0.89 0.879
j , 0.898k -0.589 -0.39j , -0.413l,
0.892m -0.408m, -0.634n
-0.64o
E(L+6 ) − E(Γ
+
8 ) eV 0.78 0.71
j 0.744k
0.744m
E(Γ+8 ) − E(Γ
+
7 ) eV 0.28 0.27













8 ) eV -3.36 -2.78
s -1.53
b(Γ+8 ) eV -2.78 -2.66
o -2.39 -2.31o
-2.16t
d(Γ+8 ) eV -5.95 6.06
t -5.23 -4.1u
aRef. 37 bRef. 56 cRef. 25,57 dRef. 15 eRef. 58 fRef. 59 gRef. 60 hRef. 61 iRef. 62 jRef. 13 kRef. 63 lRef. 64 mRef. 65
nRef. 66 oRef. 67 pRef. 68 qRef. 69 rRef. 51 sRef. 70 tRef. 71 uRef. 72
cubic symmetry of the diamond structure which for ex-
ample would be retained in a virtual crystal approxima-
tion (VCA), and hence lifts band degeneracies present for
high-symmetry points in the band structures of Ge and
α-Sn,70,76 and (ii) folding of the electronic band struc-
tures due to the reduced size of the supercell Brillouin
zone compared to that associated with a primitive cu-
bic cell of an ideal crystalline version of the alloy. These
factors complicate interpretation of the alloy electronic
structure.15,40 To overcome these limitations and track
the evolution of the conduction band (CB) and VB edge
states in SQS supercells, we proceed by calculating over-
laps between alloy states and selected states of an unper-
turbed Ge64 supercell. This approach, which is similar
to the computation of the spectral function at a single
k-point employed in popular zone unfolding schemes, en-
ables the evolution of both the energy and character of
the alloy band edge states to be identified and tracked
(see, e.g., Ref. 77).
An example of this analysis is presented in Fig. 2 for a
Ge48Sn16 (x = 0.25) SQS. The left-hand panel in Fig. 2
shows the folded supercell band structure. The right-
hand panel shows the square of the eigenstate overlaps
calculated by projecting the zone-centre CB edge Γ−7 ,
heavy-hole (HH) and light-hole (LH) VB edge Γ+8 , and
spin-orbit split-off (SO) VB edge Γ+7 states of the unper-
turbed Ge64 host matrix supercell on to the full spectrum
of Ge48Sn16 alloy supercell zone centre states. Here we
can clearly identify (i) that the Ge Γ−7 CB edge char-
acter resides primarily on two supercell states, reflect-
ing Sn-induced alloy band mixing which transfers direct
Ge Γ−7 character to the hybridised alloy CB edge,
40 (ii)
that the SO band edge is comparatively unperturbed for
x ≈ 0.25, reflecting that Sn incorporation tends primarily
to impact the CB structure,15,40,49 and (iii) splitting in
energy and hybridisation of the LH- and HH-like VB edge
states reflecting a loss of cubic symmetry due to short-
range alloy disorder and associated local relaxation of the
crystal lattice.78 In the presence of pseudomorphic strain
the biaxial component of the strain further reduces the
lattice symmetry, acting to push HH-like (LH-like) states
upwards (downwards) in energy in the presence of com-
pressive in-plane strain, and vice-versa for tensile strain








































FIG. 1: DFT-calculated band structure (left-hand panel) and
DOS (right-hand panel) of (a) Ge, and (b) α-Sn. The zero of
energy is chosen to lie at the Fermi energy. Note the inverted
ordering of the Γ+8 and Γ
−
7 states for Sn relative to Ge. In
(a) the solid blue lines denote the measured low-temperature
indirect (fundamental) L+6 -Γ
+





of Ge.63 In (b) the solid green and red lines denote the mea-
sured low temperature Γ+8 -Γ
−
7 (inverted band gap) energy in
α-Sn.64,66
drives hybridisation between HH- and LH-like VB states
we find generally, as expected for a diamond-like semicon-
ductor, that the state at the alloy Fermi level possesses
more Ge HH (LH) Γ+8 character in the presence of com-
pressive (tensile) in-plane strain (cf. Eqs. (3) and (4)).
The presence of reduced lattice symmetry and alloy-
induced hybridisation complicates interpretation of the
alloy electronic structure. Generally, no single al-
loy supercell state possesses, e.g., 100% Γ−7 or Γ
+
8
character.40,79 To identify the corresponding energy dif-
ference between the two bands Γ−7 -Γ
+
8 in our SQS calcu-
lations, we select the lowest energy supercell state pos-
sessing appreciable Ge Γ−7 character, and the highest en-
ergy supercell state possessing appreciable Ge Γ+8 charac-
ter. In the case of semiconducting Ge1−xSnx (x . 0.20)
this defines the direct band gap at the Brillouin zone
centre, while for higher Sn compositions it defines the
maximum inverted (negative) energy gap that must be
overcome by quantum confinement to open a band gap
in a semimetallic alloy. For reference, calculated super-
cell band structures and overlaps for relaxed and pseu-























FIG. 2: Left-hand panel: meta-GGA DFT-calculated band
structure of a Ge48Sn16 (x = 0.25) SQS. Right-hand panel:
calculated squared overlaps between the alloy SQS zone centre
states and the SO (Γ−7 , solid black lines), HH (Γ
+
8 , solid red
lines), LH (Γ+8 , solid blue lines), and CB (Γ
−
7 , solid green
lines) states of a Ge64 supercell.
C. Deformation potential theory
To aid interpretation of our alloy supercell electronic
structure calculations, we apply a deformation potential
theory approach.70,76 We compare the variation of the
strain-dependent alloy supercell Γ−7 zone-centre CB edge
energy, as well as the Γ+8 HH, Γ
+
8 LH, and Γ
+
7 SO VB
edge energies computed via deformation potential theory
to those obtained directly from our TB-mBJ DFT calcu-
lations. This comparison also highlights deviations from
idealised behaviour associated with alloy band hybridis-
ation effects and short-range alloy disorder.15,40,52
Pseudomorphic strain in an [001]-oriented cubic crys-
tal results in strain-related shifts to the CB and VB
edge energies. The pseudomorphic strain-related shifts
to the zone-centre energy of band n = CB, VB are de-
scribed by a purely diagonal strain tensor and consist of
a distinct (i) hydrostatic contribution δEhy,n, and (ii)
biaxial contribution δEax,n, which are respectively as-
sociated with (i) a change in unit cell volume that is
directly proportional to the trace of the strain tensor
Tr(ε) = εxx + εyy + εzz, and (ii) the biaxial component
of the strain tensor εb = εzz − 12 (εxx + εyy), which de-
scribes the lattice relaxation along the growth direction
in response to the in-plane strain imposed via growth on
a substrate. Biaxial strain breaks the underlying cubic
symmetry of the lattice, lifting the degeneracy of the p-
like Γ+8 HH and LH VB edge states.
70,76 The hydrostatic
and biaxial energy shifts are given by δEhy,n = anTr(ε)
and δEax,n = bnεb, where an and bn are, respectively,
the hydrostatic and axial deformation potentials associ-
ated with band n. We denote the CB edge Γ−7 and VB
edge Γ+8 hydrostatic deformation potentials by ac and av,
respectively. The s-like Γ−7 zone-centre CB edge is not
impacted by biaxial strain, so that bCB = 0. We denote
6
the (non-zero) VB edge axial deformation potential by
bVB = b(Γ
+
8 ) (cf. Table I).
Taking the zero of energy to lie at the unstrained VB
edge, the strain-dependent Γ-point CB, HH, LH and SO
band edge energies in an [001]-oriented pseudomorphic
strained layer are given respectively by70,76
ECB = Eg + acTr (ε) , (2)
EHH = avTr (ε)− δEax,VB , (3)








∆20 + 2∆0δEax,VB + 9 (δEax,VB)
2
, (4)







∆20 + 2∆0δEax,VB + 9 (δEax,VB)
2
, (5)
where Eg = E(Γ
−
7 ) − E(Γ+8 ) and ∆0 = E(Γ+8 ) − E(Γ+7 )
are, respectively, the direct band gap and VB spin-orbit
splitting energy of the unstrained material (cf. Table I).
In the absence of strain, Eqs. (2) – (5) yield ECB = Eg,
EHH = ELH = 0, and ESO = −∆0. In the presence of
compressive (tensile) strain, corresponding here to εxx <
0 (εxx > 0), we have EHH > ELH (EHH < ELH).
Choosing the z-axis to align to the growth direction,




as the fractional lattice mismatch in the
plane perpendicular to the growth direction due to lat-
tice mismatch between the layer having lattice constant
aL, and the substrate having lattice constant aS. Simi-
larly, εzz = − 2C12C11 εxx describes the corresponding relax-
ation of the layer along the growth direction in response
to the in-plane strain.70,76 As such, Tr(ε) = 2(1− C12C11 )εxx
and εb = −(1 + 2C12C11 )εxx. Under hydrostatic strain,
εxx = εyy = εzz, the strain-induced change in band
gap is given via Eqs. (2) and (3) as agTr(ε), where





8 ); cf. Table I), related to the band




B (cf. Sec. II A).
To evaluate Eqs. (2) – (5) we have computed the elas-
tic constants and CB and VB edge deformation poten-
tials for Ge and α-Sn directly via TB-mBJ DFT (cf. Ta-
ble I). The hydrostatic band gap deformation potentials
ag were obtained by calculating the direct and indirect






8 for Ge and α-Sn under ap-
plied hydrostatic pressure. The VB edge axial deforma-
tion potentials b were obtained by calculating the split-
ting between the HH and LH VB edge energies under an
applied volume-preserving (to first order in ε) uniaxial
strain along [001]. To analyse our Ge1−xSnx alloy SQS
calculations, we linearly interpolate the deformation po-
tentials of Ge and α-Sn to obtain deformation potentials
for Ge1−xSnx, and also consider best-fit deformation po-
tentials which reflect alloy-induced hybridisation between
distinct host matrix eigenstates (cf. Sec. III C). The elas-
tic constants used in our calculations were computed via
LDA DFT for Ge and α-Sn via stress tensors computed
under applied high-symmetry strain branches.41,80 For
completeness, we list also in Table I the elastic constant
C44 and VB edge shear deformation potential d, which do
not enter into the present analysis. Repeating the elas-
tic constant calculations for the Ge1−xSnx alloy SQSs, we
find significant bowing of the elastic constants. The bow-
ing parameters for C11, C12 and C44 were respectively
computed as 40.87, 4.82 and 30.41 GPa, and were used
to interpolate the elastic constants used in our calcula-
tion of the components of the strain tensor via Eqs. (2)
– (5), and also in our critical thickness calculations below.
D. Critical thickness
The growth of pseudomorphically strained layers pro-
ceeds for layer thicknesses t . tc, beyond which plastic
relaxation via the formation of dislocations and related
crystalline defects becomes energetically favourable.81
For a pseudomorphically strained layer this critical thick-

















where aS is the substrate lattice constant, εxx is the
lattice mismatch between the substrate and the layer
in the plane perpendicular to the [001] direction, and
σ = C12C11+C12 is Poisson’s ratio for the layer. While
there exist numerous approaches to compute tc,
81 Eq. (6)
has been demonstrated to produce estimates which are
in good agreement with experimental measurements for
a range of semiconductor materials, including group-IV
SixGe1−x and III-V InyGa1−yAs alloys,81,82 as well as
highly-mismatched III-V alloys containing nitrogen or
bismuth.83,84 As we describe in Sec. III C below, the es-
timates of tc computed via Eq. (6) are in quantitative
agreement with the results of LDA DFT structural re-
laxation for disordered Ge1−xSnx alloy supercells.
III. RESULTS
We next consider the results of our calculations, and
analysis of the band gap and semimetal to semiconductor
transition in Ge1−xSnx. In Secs. III A and III B we anal-
yse the electronic structure of relaxed and pseudomor-
phically strained alloys. In Sec. III C, we compare the
results of our strained alloy supercell DFT calculations
to the deformation potential theory of Sec. II C, analyse
critical thickness limitations associated with growth of
Ge1−xSnx on Ge, ZnTe and CdTe substrates, and explore
the effects of tensile strain to reduce the Sn composition
required to close the band gap and achieve a semimetallic
band structure in pseudomorphic Ge1−xSnx.
7
A. Band gap evolution in relaxed Ge1−xSnx alloys
Ge possesses an indirect fundamental band gap be-
tween the L+6 CB minimum and Γ
+
8 VB maximum, while
α-Sn possesses a direct inverted band gap between the
Γ−7 and Γ
+
8 zone-centre eigenstates. Being an inverted-
gap semimetal, α-Sn has no band gap above the Γ+8 VB
edge, but does display a vanishing DOS where the VB
and CB meet (i.e. at the Fermi energy). It has been
demonstrated theoretically that quantum confinement ef-
fects can be exploited to open a direct band gap in α-Sn
thin films or nanowires, by pushing the s-like Γ−7 states
higher in energy than the p-like Γ+8 states.
28 As an ex-
ample of this behaviour, we present in Fig. 3 the LDA
DFT-calculated orbital resolved band structure of a 1.3
nm thick, [001]-oriented and hydrogen (H) passivated α-
Sn thin film. The thin film supercell is constructed using
a 1× 1× 2 simple cubic α-Sn unit cell, with the dangling
bonds on the upper and lower (001) planes passivated
using H atoms, above which along [001] is placed 1.5 nm
of vacuum. With periodic (Born-von Kármán) boundary
conditions applied, the film is continuous in the (001)
plane, with adjacent films along the [001] direction sep-
arated by a 1.5 nm vacuum region. The black solid lines
show the calculated energy bands of this thin film in the
(001) plane, demonstrating the opening of a direct band
gap above the Fermi level, chosen in Fig. 3 to lie at the
zero of energy. The weighted green and red colour of
the overlaid circles respectively denote the total s and p
orbital character of the associated band states. Exam-
ining the orbital character, we note that the zone-centre
CB minimum is purely s-like, reflecting that it originates
from an upward shift in energy of the Γ−7 states of α-Sn in
response to quantum confinement. We note that the TB-
mBJ exchange-correlation potential applied in our anal-
ysis of bulk-like Ge1−xSnx supercells is not applicable in
thin film calculations, as the potential becomes singular
in the presence of vanishing charge density.44 The LDA-
calculated 219 meV band gap in Fig. 3 is therefore likely
underestimated,85 but nonetheless, as a known underes-
timate of the band gap energy, strongly suggests that a
direct band gap can be opened in α-Sn thin films via
quantum confinement.
Previous theoretical calculations have predicted the
evolution and nature of the Ge1−xSnx alloy band gap
across the full composition range, from Ge to α-Sn.13,15,29
Beginning with the indirect-gap semiconductor Ge, Sn
incorporation drives rapid band gap reduction and an
indirect to direct-gap transition for x . 0.10. Beyond
this composition, the direct band gap decreases in mag-
nitude until it closes between 0.2 . x . 0.4, at which
point the alloy becomes a zero-gap semimetal. For higher
Sn compositions the alloy band structure is predicted to
be semimetallic and possesses an inverted Γ−7 -Γ
+
8 band
ordering. We have firstly employed TB-mBJ DFT cal-
culations to verify the evolution of the Ge1−xSnx band
gap using relaxed 64-atom SQSs. The results of these















1.3 nm thick [001] α-Sn
p projection
s projection
FIG. 3: Opening of a direct band gap via quantum con-
finement in a semimetallic α-Sn thin film: s (red) and p
(green) orbital resolved band structure of an (001)-oriented,
H-passivated film of thickness 1.3 nm calculated via LDA-
DFT.
circles denote the calculated fundamental alloy band gap.
The solid black line shows the corresponding fundamental
band gap calculated via a cluster expansion approach,86
allowing for prediction of alloy properties as the SQS lat-
tice correlation functions approximate those of a random
alloy. We note that the cluster expansion approach has
been recently applied to quantify the formation enthalpy
and alloy miscibility in Ge1−xSnx.36 The dashed black
line in Fig. 4 denotes the composition at which a zero
band gap is predicted to occur thereby demarcating the
Sn compositions at which the alloy is either semiconduct-




At low Sn compositions x . 0.20, we calculate a rapid
band gap reduction with increasing x (the indirect- to
direct-gap transition occurring in this composition range
is discussed in Sec. III C). Our calculated band gaps are
also compared to experimental measurements in Fig. 4.
Generally, Ge1−xSnx is grown as a thin strained, or thick
relaxed, epitaxial layer on a substrate having a lattice
constant close to that of Ge. The resultant pseudomor-
phic strain complicates the comparison between calcu-
lated and measured band gaps, due to the impact of
strain on the magnitude of the band gap (cf. Sec. II C).
In Fig. 4, we therefore compare the results of our TB-
mBJ DFT calculations to experimental data in which the
impact of pseudomorphic strain is minimised. Specifi-
cally, we compare our calculations to the results of photo-
modulated reflectance (Ref. 87; open green triangles) and
optical absorption (Refs. 88 and 89; open pink trian-
gles and blue squares, respectively) spectroscopic mea-
surements. The photo-modulated reflectance measure-
ments of Ref. 87 were performed on epitaxial layers grown
on nominally lattice-matched InyGa1−yAs buffer layers,
thereby minimising strain. The absorption measure-
ments of Ref. 88 were performed on strained Ge1−xSnx
epitaxial layers, but the data were then corrected to ac-
count for the strain-induced effects on the band gap,
8























FIG. 4: Meta-GGA DFT-calculated band gap as a function
of Sn composition x of Ge1−xSnx alloy SQSs across the full
alloy composition range. The solid black line represents the
corresponding cluster expansion calculation. Closed green tri-
angles, pink triangles and blue squares denote measured low
temperature band gaps in the semiconducting regime,87–89
and the light blue triangle denotes the experimentally mea-
sured inverted gap of α-Sn64. The horizontal dashed line de-
notes zero band gap, demarcating between semiconducting
and semimetallic band structure.
based on strain values extracted from x-ray diffraction
measurements. The absorption measurements of Ref. 89
were performed on thick, relaxed epitaxial layers grown
on Si substrates. We note excellent quantitative agree-
ment between our calculated band gap as a function of
Sn composition x and that measured by Lin et al. 87 and
by Tran et al. 88 . However, our calculations deviate from
the measurements of Xu et al. 89 for 0.15 . x . 0.25.
Given the large lattice mismatch between Ge1−xSnx and
the Si substrates employed by Xu et al. 89 , it is possible
that there remains residual compressive strain associated
with partial relaxation in their samples which would act
to increase the band gap, possibly explaining why our cal-
culations underestimate those measured band gaps. Fi-
nally, the open light-blue triangle represents the α-Sn in-
verted direct Γ−7 -Γ
+
8 energy gap, measured by Booth and
Ewald 64 via magnetoresistance (cf. Table I). Overall, we
note good quantitative agreement between our theoreti-
cal calculations and comparable experimental data.
We predict a closing of the band gap in relaxed
Ge1−xSnx for x ≈ 0.21. Analysis of the supercell elec-
tronic structure for SQSs having x & 0.21 reveals that
the alloy is semimetallic, in agreement with recent the-
oretical calculations.15,29 For Sn compositions x & 0.50,
we predict that the magnitude of the inverted Γ−7 -Γ
+
8 en-
ergy gap remains close to the value −0.59 eV calculated
for α-Sn (cf. Table I). There are, however, differing pre-
dictions in the literature regarding the precise nature of
the semimetallic alloy band structure for x & 0.20. Us-
ing empirical pseudopotential calculations in the virtual
crystal approximation, Lan et al. 29 predicted that the
band ordering remains topologically non-trivial in this
composition range with Γ−7 states lying lower and higher
in energy than Γ+8 and Γ
+
7 states, respectively. Con-
versely, by applying zone unfolding to DFT calculations
for SQS supercells, Polak et al. 15 predicted the presence
of a topologically trivial “inverted SO” band structure
for 0.45 . x . 0.85, in which the Γ−7 states drop lower
in energy than the Γ+7 states. However, it is notewor-
thy that the quadratic composition dependent band gap
fit applied by Polak et al. 15 to extract this conclusion is
poorer in quality for x & 0.30 compared to its accuracy
at lower Sn compositions.
To resolve these contrasting predictions, we have un-
dertaken a direct analysis of the alloy supercell zone-
centre states, via projection onto reference Γ−7 , Γ
+
8 and
Γ+7 states calculated for a Ge64 supercell (cf. Fig. 2).
Applying this quantitative approach, we find that the
alloy state retaining the largest calculated Γ−7 charac-
ter reduces in energy with increasing x, approaching
the state retaining the largest calculated Γ+7 charac-
ter. At x = 0.625 (Ge24Sn40 SQS), we calculate that
these Ge Γ−7 - and Γ
+
7 -derived alloy states become quasi-
degenerate, and remain so for Sn compositions up to
x = 0.875 (corresponding to a Ge8Sn56 SQS), beyond
which composition the relative energy of the Ge Γ−7 -
derived alloy state increases to reach its value in α-Sn
– i.e. lying ≈ 100 meV above Γ+7 in energy (cf. Table I).
In only one of the supercells analysed was a Ge Γ−7 -
derived alloy state found to lie lower in energy than a
Γ+7 -derived state, and in that case only by 10 meV and
with additional Ge Γ−7 character residing on higher en-
ergy alloy states. Our calculations therefore suggest that
semimetallic Ge1−xSnx most likely retains topologically
non-trivial band ordering for 0.21 . x ≤ 1, but we note
that the specific band ordering close to x = 0.60 for small
supercell calculations is determined in part by the im-
pact of alloy-induced band hybridisation, arising due to
the precise reduction in symmetry associated with the
specific alloy disorder and lattice relaxation present in a
given alloy SQS.
We attribute deviations between previous predictions
to the simplified manner in which the alloy band struc-
ture was analysed, generally based on either (i) assuming
virtual crystal-like behaviour and simple polynomial fits
to composition-dependent band gaps obtained from the-
oretical data, or (ii) extrapolation of low x experimental
data across the full composition range. In particular,
large uncertainties associated with extrapolation of ex-
perimental data have produced divergent predictions,89
including (i) that the magnitude of the inverted Γ−7 -Γ
+
8
alloy energy gap exceeds that of α-Sn by up to 0.2 eV, or
(ii) that the direct Γ−7 -Γ
+
8 band gap remains open with
a constant magnitude ≈ 0.1 eV up to x ≈ 0.70. We
emphasise that our conclusions here are based on direct
investigation of the character and evolution of hybridised
alloy supercell eigenstates calculated from first principles.
Our calculations indicate that the magnitude of the di-
rect inverted band gap in relaxed Ge1−xSnx can be tuned
between zero and close to that of α-Sn for 0.21 . x .
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0.50. This provides the ability to reduce the magnitude of
the inverted Γ−7 -Γ
+
8 energy gap that must be overcome
to open a band gap via quantum confinement. Alloy-
ing therefore provides a degree of freedom in addition
to nanostructuring, which can be utilised to engineer a
semimetal-to-semiconductor transition via quantum con-
finement. In what follows, we turn our attention to the
band structure of pseudomorphically strained Ge1−xSnx
alloys, on which basis we then quantify the impact of
alloying and strain in epitaxial thin films, in order to
provide further control over the inverted energy gap and
hence the semimetal-to-semiconductor transition.
B. Band structure evolution in pseudomorphically
strained Ge1−xSnx
Having analysed the nature and evolution of the
Ge1−xSnx band gap for the full composition range in re-
laxed alloys, we now consider pseudomorphically strained
Ge1−xSnx grown on (i) Ge, (ii) ZnTe, and (iii) CdTe
substrates. ZnTe and CdTe have lattice constants close
to those calculated for zb-GeSn40,41 and α-Sn, respec-
tively. For each substrate, we take the SQSs of Sec. III A
and simulate [001]-oriented pseudomorphically strained
Ge1−xSnx by fixing the supercell lattice constants along
the [100] and [010] directions to mimic the substrate lat-
tice constant. Next, we perform a LDA relaxation of the
[001] lattice supercell parameter and all ionic positions.
We then perform a TB-mBJ electronic structure calcula-
tion for these pseudmorphically strained SQSs, and again
quantify the character of the alloy supercell eigenstates
by projecting them onto reference states from a Ge64 su-
percell. On this basis we assign a Γ−7 -Γ
+
8 energy gap for
each strained SQS, as above.
The results of these calculations are summarised in
Fig. 5, where the closed red circles repeat the results
of the unstrained calculations of Fig. 4 for reference.
The closed light blue triangles, closed green triangles and
closed blue squares in Fig. 5 respectively show the cal-
culated variation of the Γ−7 -Γ
+
8 energy difference (direct
band gap) across the full composition range for Ge1−xSnx
alloys pseudomorphically strained to [001]-oriented Ge,
ZnTe and CdTe substrates. Our LDA total energy cal-
culations suggest that, when grown on Ge, it is ener-
getically favourable for Ge1−xSnx to become amorphous
for Sn compositions x & 0.56.36 Interpolating the LDA-
calculated Ge and α-Sn lattice constants of Table I using
a bowing parameter of 0.056 Å,36 x = 0.56 corresponds
to a (compressive) lattice mismatch εxx ≈ −7.8%. As
such, the associated Ge1−xSnx/Ge band gap is shown
only up to x = 0.5 in Fig. 5 (light blue triangles). As we
will describe in Sec. III C, this conclusion is in quantita-
tive agreement with our estimation of the Ge1−xSnx/Ge
critical thickness.
Comparing the band gaps of relaxed Ge1−xSnx and
compressively strained Ge1−xSnx/Ge in Fig. 5, we note
that the latter closely track the former for x . 0.30.




















FIG. 5: Meta-GGA DFT-calculated band gap as a function
of Sn composition x of Ge1−xSnx alloy SQSs which are freely
relaxed (closed red circles), or pseudomorphically strained
and internally relaxed to correspond to growth on Ge (closed
light blue triangles), ZnTe (closed green triangles), or CdTe
(closed blue squares) substrates. The horizontal dashed line
denotes zero band gap, demarcating between semiconducting
and semimetallic band structure.
The strained Ge1−xSnx/Ge band gaps are calculated to
slightly exceed those of relaxed Ge1−xSnx in this compo-
sition range, reflecting that compressive pseudomorphic
strain acts to slightly increase the band gap (cf. Eqs. (2) –
(4)). As the Sn composition is increased above x = 0.30,
we note that the calculated magnitude of the inverted
(negative) Γ−7 -Γ
+
8 energy gap of strained Ge1−xSnx/Ge
exceeds that in relaxed Ge1−xSnx, i.e. the Ge Γ
−
7 -derived
alloy state is lower in energy relative to the Ge Γ+8 -derived
state that corresponds to the alloy VB edge. This is
contrary to the expected trend based on the compres-
sive strain in the Ge1−xSnx/Ge SQSs within this com-
position range. Based on our analysis of the character
of the eigenstates for the corresponding SQSs (cf. Sup-
plementary Information), we attribute this behaviour to
alloy-induced hybridisation which distributes the Ge Γ−7
character over an energy range . 1 eV in width. If in-
stead of assigning as Γ−7 the lowest energy alloy state
possessing appreciable Ge Γ−7 , as described in Sec. II B,
the weighted average energy of the supercell eigenstates
is instead calculated – using the computed Ge Γ−7 char-
acter of each state as the weight for that state’s energy
– this trend is reversed, and leads to Ge1−xSnx/Ge in-
verted band gaps which are smaller in magnitude than in
relaxed Ge1−xSnx, as expected for compressive strain.
Next, we note that the inverted band gap in ten-
sile strained Ge1−xSnx/CdTe, shown using closed blue
squares in Fig. 5, increases in magnitude as Ge is in-
corporated into α-Sn. This behaviour is in line with
the expected reduction in energy of Γ−7 states relative
to Γ+8 states in the presence of tensile in-plane strain
(cf. Eqs. (2) and (4)). Our calculated energy gaps for
Ge1−xSnx/CdTe therefore suggest that growth of tensile




8 energy gap, making it challenging to for an
energy band gap to be opened via quantum confinement
in a nanostructure.
Considering Ge1−xSnx/ZnTe (closed green triangles in
Fig. 5), the substrate introduces compressive (tensile) in-
plane strain for x ≥ 0.54 (x ≤ 0.54). In both cases,
we note that the magnitude of the inverted Γ−7 -Γ
+
8 en-
ergy gap remains approximately constant independent
of changes in Sn composition. Reducing the Sn compo-
sition from x = 0.54 results in tensile in-plane strain.
In this composition range, a reduction in x acts to in-
crease the energy of Γ−7 -like states relative to Γ
+
8 -like
states, resulting in a reduction of the magnitude of the
inverted band gap. Due to the strain present in pseu-
domorphic Ge1−xSnx/ZnTe, the composition-dependent
band edge energy shifts are counteracted by the tensile
in-plane strain which acts to decrease (increase) the en-
ergy of Γ−7 -like (LH Γ
+
8 -like) states. This competition be-
tween Sn composition and strain is mirrored in the com-
pressively strained regime, leading to a Ge1−xSnx/ZnTe
inverted energy gap which remains relatively constant
across the full composition range. We note that the cal-
culated 448 meV magnitude of the inverted band gap
in approximately lattice-matched Ge0.5Sn0.5 (Ge32Sn32
SQS) is approximately two-thirds of the magnitude of
the inverted Γ−7 -Γ
+
8 energy gap of α-Sn. An equiva-
lent TB-mBJ band structure calculation predicts that
zb-GeSn (i.e. an ordered Ge0.5Sn0.5 alloy) is a zero-gap
semiconductor,40 with the significant difference in band
gap between ordered zb-GeSn and disordered Ge0.5Sn0.5
highlighting that, at fixed Sn composition, the magni-
tude of the inverted energy gap is strongly influenced by
short-range alloy disorder.40
The magnitude of the inverted band gap shown in
Fig. 5 for Ge1−xSnx/ZnTe is (i) associated with maxi-
mally random alloy disorder due to the use of SQSs in
our calculations, and (ii) explicitly assigned the largest
possible value, via our previously described explicit as-
signment of the lowest energy alloy state possessing ap-
preciable Ge Γ−7 character as “Γ
−
7 ” in our energy gap
calculations (cf. Sec. II B). As such, the magnitude of
the inverted band gap in Ge1−xSnx/ZnTe indicated in
Fig. 5 should be considered an upper limit, which is
likely reduced both in a real alloy (where more states
are free to hybridise than in the small supercell calcu-
lations considered here, leading to less energetic spread
of Ge Γ−7 character), and in the presence of partial al-
loy ordering (where the inverted band gap is expected
to move towards the zero band gap of ordered zb-GeSn).
In addition to alloying, strain is seen to provide another
degree of freedom that can be exploited to engineer the
electronic structure in Ge1−xSnx to be either semimetal-
lic or semiconducting. Choosing a substrate and alloy
composition determines the magnitude of the inverted
Γ−7 -Γ
+
8 energy gap that needs to be overcome to achieve
a semimetal-to-semiconductor transition driven by quan-
tum confinement.
C. Engineering the electronic structure of
pseudomorphic Ge1−xSnx
We next consider the impact of strain on the band gap
using deformation potential theory, and describe trends
in light of the results of our DFT alloy SQS calculations.
This provides an efficient means by which to predict
strain-dependent energy gaps, while also providing quali-
tative insight into alloy-induced band mixing effects. We
then predict critical thickness limitations for Ge1−xSnx
alloys grown on Ge, ZnTe and CdTe substrates. Finally,
we describe the alloy composition and strain for deter-
mining whether a given bulk alloy will be semiconducting
or semimetallic, and provide general recommendations
for the growth of pseudomorphically strained Ge1−xSnx
thin films in which the band gap is closed within known
alloy miscibility restrictions – i.e. at the lowest possible
Sn composition, and within critical thickness limits.
We begin our deformation potential theory analysis by
considering the band gap of pseudomorphically strained
Ge and α-Sn. The results of these calculations are sum-
marised in Figs. 6(a) and 6(b), respectively. In each case,
closed green circles show the TB-mBJ DFT-calculated di-
rect Γ−7 -Γ
+
8 energy gap, as a function of in-plane strain
εxx. We note that in-plane strain values < 0 (> 0) cor-
respond to compressive (tensile) strain (cf. Sec. II C).
Closed red circles in Figs. 6(a) and 6(b) show the TB-
mBJ DFT-calculated indirect L+6 -Γ
+
8 energy gap. Green
and red lines in Figs. 6(a) and 6(b) respectively show the
corresponding energy gaps calculated via Eqs. (2) – (4),
using the parameters listed in Table I. Solid and dashed
lines respectively show the band gaps calculated with re-
spect to HH- and LH-like Γ+8 VB states, where we recall
that EHH > ELH for εxx < 0 (and vice versa), so that





8 band gaps associated with HH- (LH-) like
Γ+8 VB edge states in the compressive (tensile) strained
regime. Closed blue triangles in Fig. 6(a) show experi-
mental measurements of the direct band gap of tensile-
strained Ge epitaxial layers.90 We note in Figs. 6(a)
and 6(b) good quantitative agreement between the full
DFT (circles) and deformation potential theory (lines)
calculations. We attribute increased deviation between
the DFT-calculated and deformation potential theory re-
sults at high compressive strain in Ge to increasing non-
linear strain contributions, which are not captured by
Eqs. (2) – (4). The experimental measurements of the
strain-dependent Ge direct band gap of Ref. 90 were per-
formed at room temperature. In order to compare these
data to our zero-temperature DFT calculations, we have
applied a rigid energy shift to the experimental data so
that the measured and calculated direct band gaps co-
incide at zero strain. We then note excellent quanti-
tative agreement between theory and experiment, with
our DFT-based deformation potential theory calculations
quantitatively describing the tensile strain-induced re-
duction of the direct band gap.
For pristine Ge, our calculations predict that pseudo-
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FIG. 6: (a) Meta-GGA DFT-calculated indirect (L+6 -Γ
+
8 ;
closed red circles) and direct (Γ−7 -Γ
+
8 ; closed green circles)
band gaps of pseudmorphically strained (a) Ge, and (b) α-Sn,
as a function of in-plane strain εxx. Solid and dashed lines
show band gaps calculated via deformation potential theory,
using Eqs. (2) – (5) in conjunction with the data of Table I.
Solid (dashed) green lines show the direct band gap between
Γ−7 CB and HH- (LH-) like Γ
+
8 VB states. Solid (dashed) red
lines show the indirect band gap between L+6 CB and HH-
(LH-) like Γ+8 VB states. Closed blue triangles show the ex-
perimental measurements of Ref. 90.





8 band gap transition – highlighted by the
crossing of the dashed green and red lines in Fig. 6(a) –
at in-plane tensile strain εxx ≈ 1.4%. This transition is
driven by a combination of (i) a downward shift of the Γ−7
zone-centre CB edge energy due to the hydrostatic com-
ponent of the pseudomorphic tensile strain (cf. Eq. (2)),
and (ii) an upward shift in energy of the LH-like Γ+8 VB
edge states due to the biaxial component of the pseudo-
morphic tensile strain (cf. Eq. (4)). We note that this
is comparable to previous predictions of an indirect- to
direct-gap transition for εxx in the range 1.5 – 1.9%.
37–39
For larger tensile strain, we observe further narrowing
of the direct band gap, and predict that the band gap
can be closed in Ge for tensile strain εxx ≈ 4.4%. Un-
der compressive strain we compute an increase (decrease)






8 ) band gap. Here,
we emphasise that we are considering Ge under applied
pseudomorphic strain. Under purely hydrostatic applied
compression it would be expected that both the direct
and direct band gaps increase in magnitude, as reflected
by the negative values of the associated band gap hydro-
static deformation potentials (cf. Table I). Here, under
compressive pseudomorphic strain, the upward energy
shift of the HH-like Γ+8 VB edge states at fixed strain
is larger than the upward energy shift of the L+6 CB edge
states, leading to a net reduction of the indirect band
gap.
Considering our calculated results for pristine α-Sn in
Fig. 6(b), we note similar behaviour with good quanti-
tative agreement between the TB-mBJ DFT- and de-
formation potential theory-calculated strain-dependent
band gaps. We note, however, that while it would be ex-
pected that it should be possible to open the semimetallic
(inverted) Γ−7 -Γ
+
8 energy gap under applied hydrostatic
pressure, the splitting of the HH- and LH-like Γ+8 states in
the presence of symmetry-breaking pseudomorphic strain
prevents this. Specifically, we compute that the biaxial
component of the pseudomorphic strain pushes the HH-
like Γ+8 states higher in energy at a rate which is approx-
imately equal to the upward energy shift of the Γ−7 states
due to the hydrostatic component of the strain. As such,
the computed inverted direct band gap in Fig. 6(b) –
closed green circles and solid green line – remains approx-
imately constant as a function of compressive in-plane
strain. Therefore, our calculations suggest that while it
is in principle possible to close the energy band gap in
highly tensile strained pseudomorphic Ge, it is not pos-
sible to open a band gap for realistic strain values in
bulk-like α-Sn pseudomorphic strained layers.
Next, we investigate the strain-dependent band
gaps of pseudomorphic Ge1−xSnx alloys grown on
Ge, ZnTe and CdTe, and analyse how alloying and
strain can be combined to engineer semiconducting or
semimetallic epitaxial layers. Closed blue circles in
Figs. 7(a), 7(b) and 7(c) respectively show the relevant
DFT-calculated Γ−7 -Γ
+
8 energy gaps for pseudomorphi-
cally strained (a) Ge1−xSnx/Ge, (b) Ge1−xSnx/ZnTe
and (c) Ge1−xSnx/CdTe alloy SQSs. Results for
Ge1−xSnx/Ge are shown only for x < 0.50 as 64-atom
SQSs having larger Sn compositions become amorphous
when the ionic positions are allowed to relax.36
These DFT calculations are compared to deformation
potential theory calculations in which the hydrostatic
band gap deformation potential ag is obtained via (i) lin-
ear interpolation between the values for Ge and α-Sn at
each value of x (dashed red lines), or (ii) fitting to the re-
sults of the DFT calculations (solid black lines). In both
cases, the VB edge axial deformation potential b(Γ+8 ) for
the alloy is determined by linear interpolation between
the corresponding values for Ge and α-Sn (cf. Table I).
The solid black lines in Figs. 7(a), 7(b) and 7(c) corre-




8 ) = −5.34 eV, obtained
by fitting to the DFT-calculated inverted direct energy
gap of Ge1−xSnx/ZnTe in Fig. 7(b). We note that this
fitting is relatively insensitive to either Sn composition or
choice of substrate, with similar values obtained by fitting
to the DFT results for Ge1−xSnx/Ge or Ge1−xSnx/CdTe.




























































FIG. 7: Calculated Γ−7 -Γ
+
8 band gap as a function of Sn composition x, for pseudomorphically strained Ge1−xSnx SQSs grown
on [001]-oriented (a) Ge, (b) ZnTe, and (c) CdTe substrates. Closed blue circles denote direct meta-GGA DFT calculations.
Dashed red and solid black lines show the band gaps calculated using Eqs. (2) – (5), respectively employing a linearly interpolated









8 ) produces good quantitative agreement be-
tween the full DFT and model deformation potential cal-
culations, tending only to break down in the presence of
large in-plane strains |εxx| & 5% – i.e. at high and low
x in Figs. 7(a) and 7(c) respectively – where linear-in-
strain deformation potential theory is expected to lose
accuracy.
The best-fit value ag = −5.34 eV for the hydrostatic
deformation potential associated with the Ge1−xSnx di-
rect band gap is not intermediate between the values
of −9.54 and −6.68 eV calculated respectively for the
Γ−7 -Γ
+
8 band gaps of Ge and α-Sn (cf. Table I). This
suggests that alloy-related band mixing effects play a
key role in determining the nature of the band gap in
Ge1−xSnx alloys, as the best fit value lies > 1 eV out-
side of the range expected from a virtual crystal-type
linear interpolation which neglects potential band hy-





instead intermediate between the values associated with
the direct Γ−7 -Γ
+




8 band gaps of Ge,
reflecting that band folding in our 64-atom supercell cal-
culations allows for hybridisation of Ge Γ- and L-point
states in response to Sn incorporation. This is in agree-
ment with recent theoretical analysis40 suggesting that
Sn incorporation in Ge drives strong hybridisation of Ge
Γ- and L-point CB edge states, leading to a band gap
that is neither purely indirect nor direct in nature, but
which evolves continuously from having indirect to direct
character via composition-dependent alloy band mixing.
For x . 0.10 this conclusion is supported by pressure-
dependent measurements,52 which demonstrate that the
pressure coefficient
dEg
dP associated with the Ge1−xSnx
fundamental band gap is that of the indirect L+6 -Γ
+
8 Ge
band gap at x = 0 (4.3 meV kbar−1), and increases con-
tinuously with increasing x until it reaches a value close
to that associated with the direct Γ−7 -Γ
+
8 band gap of
Ge by x ≈ 0.10 (12.9 meV kbar−1). Converting our
best-fit value ag = −5.34 eV to a pressure coefficient
(cf. Sec. II C) – via computation of the alloy bulk modu-
lus based on interpolation of the elastic constants using
the bowing parameters of Sec. II A – we indeed obtain
an intermediate value
dEg
dP ≈ 7 meV kbar−1. We note
that the limited band folding present in the . 102-atom
supercells accessible using meta-GGA DFT calculations
limits the number of states that can hybridise in response
to alloying. As such, the observed Sn-induced Γ-L band
mixing observed in our calculations persists across the
entire composition range as an artefact of the super-
cells employed in our calculations, whereas experimen-
tal measurements suggest that alloy band mixing effects
are most pronounced for x . 0.10. Indeed, we have re-
cently described the presence of similar spurious hybridi-
sation effects in alloy supercell calculations for Ge1−xPbx
alloys.91 Nonetheless, our calculations then support the
emerging re-evaluation of the nature of the indirect- to
direct-gap transition in Ge1−xSnx alloys in terms of al-
loy band mixing effects,40,52 which have largely been ne-
glected in previous analyses.
To compute the critical thickness tc for Ge1−xSnx
grown on Ge, ZnTe and CdTe substrates we use Eq. (6)
with the DFT-calculated lattice and elastic constants
listed in Table I. The results of these calculations are
shown in Fig. 8 using solid red, dashed green and dash-
dotted blue lines, respectively. Firstly, we calculate criti-
cal thicknesses at |εxx| = 1% in order to provide guideline
strain-thickness limit estimations. Our estimated strain-
thickness limits are, respectively, tc × |εxx| = 22.8 nm %
and 24.4 nm % for Ge1−xSnx grown on Ge and CdTe.
For Ge1−xSnx/ZnTe, which is under compressive (ten-
sile) in-plane strain for x & 0.54 (x . 0.54), we es-
timate a strain-thickness limit tc × |εxx| = 23.3 nm %
(23.5 nm %). To compare the different substrates we
choose a reference critical thickness of 5 nm, as a repre-
sentative thickness along [001] of a thin film in which
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quantum confinement effects can open a band gap in
semimetallic Ge1−xSnx. For Ge1−xSnx/Ge we compute
that the critical thickness reduces to 5 nm for Sn com-
position x = 0.234, corresponding to an in-plane com-
pressive strain of magnitude |εxx| = 3.4%. In previ-
ous analysis,36 we predicted based on LDA-calculated
SQS total energies that it is energetically favourable for
Ge1−xSnx to become amorphous for x & 0.56. The cal-
culations of Ref. 36 were performed for the same 64-atom
SQSs considered in this work: these 2× 2× 2 simple cu-
bic supercells have a thickness of 2 × a(x) = 1.2 nm,
where a(x) is the relaxed alloy lattice constant along
[001]. Indeed, we calculate tc ≤ 2 a(x) for x ≥ 0.566.
This excellent quantitative agreement between DFT al-
loy SQS total energy calculations and the critical thick-
ness computed via Eq. (6) provides confidence in our
predicted strain-thickness limits for Ge1−xSnx. We also
compare our calculated Ge1−xSnx/Ge critical thickness
to data of Suzuki et al. 35 (closed red circles in Fig. 8),
which were estimated based on structural characteri-
sation of Ge1−xSnx/Ge epitaxial layers and measured
elastic constants for Ge and α-Sn. While our calcula-
tions slightly underestimate the values of tc estimated by
Suzuki et al. 35 , we note otherwise excellent qualitative
agreement across the composition range for which data
are available. For Ge1−xSnx/ZnTe we compute that tc is
reduced to 5 nm for x = 0.334 (x = 0.808), corresponding
to a tensile (compressive) in-plane strain of magnitude
|εxx| = 3.1% (|εxx| = 3.4%). Finally, for tensile strained
Ge1−xSnx/CdTe we compute tc = 5 nm for x = 0.759,
corresponding to a tensile in-plane strain of magnitude
|εxx| = 2.8%. We therefore note that growing Ge1−xSnx
on these three substrates allows tc ≥ 5 nm to be achieved
across almost the entire composition range, with the ex-
clusion of a gap for 0.234 ≤ x ≤ 0.334, corresponding to
relaxed lattice constants in the range a(x) ≈ 5.84 – 5.92
Å.
We are now in a position to consider quantitatively the
implications of the electronic structure and critical thick-
ness for engineering the semimetal-to-semiconductor
transition for the three substrates considered in this
work. Growth of Ge1−xSnx on CdTe substrates increases
the magnitude of the inverted Γ−7 -Γ
+
8 energy gap with
decreasing x (cf. Fig. 5). This, combined with the as-
sociated reduction in critical thickness (cf. Fig. 8), sug-
gests that growth of Ge1−xSnx on substrates having lat-
tice constant close to that of α-Sn is not a suitable ap-
proach to produce semimetallic thin films in which a
band gap could be opened below a given film thickness.
Pseudomorphic growth of Ge1−xSnx on Ge requires Sn
composition x & 0.26 to close the alloy band gap and
achieve a semimetallic alloy, compared to x ≈ 0.21 in
a relaxed alloy. In this composition range, we compute
Ge1−xSnx/Ge critical thickness tc . 5 nm, suggesting
that it is challenging to grow sufficiently thick defect-
free films in order to achieve semimetallic materials, and
hence the film would be semiconducting for the film thick-
nesses that could be achieved, preventing band gap mod-

























FIG. 8: Calculated Sn composition-dependent critical thick-
ness tc of pseudomorphically strained Ge1−xSnx grown on
[001]-oriented Ge (solid red line), ZnTe (dashed green line),
or CdTe (dash-dotted blue line) substrates. Closed red cir-
cles denote the critical thicknesses inferred in Ref. 35 based on
structural characterisation of Ge1−xSnx/Ge epitaxial layers.
ulation via variation of the film thickness. Finally, growth
of Ge1−xSnx on a ZnTe substrate having a lattice con-
stant intermediate between Ge and α-Sn produces an
inverted-gap semimetallic alloy, with the magnitude of
the inverted energy gap being relatively insensitive to
Sn composition x. This stability of the inverted band
gap with Sn composition x for Ge1−xSnx/ZnTe could
allow pseudomorphic growth of alloys having Sn com-
position close to lattice-matching to a ZnTe substrate
for x = 0.54. As such, growth of Ge1−xSnx on ZnTe
provides a route to circumvent critical thickness limi-
tations simultaneously allowing, at fixed Sn composi-
tion, for growth of films having thicker semimetallic and
thinner semiconducting regions. Our calculations sug-
gest that Ge1−xSnx/ZnTe layers have tc > 10 nm for
0.42 . x . 0.69, with the lower end of this composition
range being more favourable for epitaxial growth in order
to mitigate deleterious Sn segregation arising due to re-
duced alloy miscibility at higher Sn compositions.35,36,92
Growth of Ge1−xSnx/ZnTe having Sn compositions
x & 0.42 is demanding from the perspective of epitax-
ial growth. As such, it is also of interest to quantify the
degree to which tensile strain can be exploited to lower
the minimum Sn composition at which the alloy becomes
semimetallic. This is similar in spirit to recent work on
low x prototype Ge1−xSnx lasers, where Sn incorpora-
tion and tensile strain are simultaneously employed to
drive the emergence of a direct band gap.93 Reducing Sn
composition reduces Sn segregation during growth, and
promotes enhanced crystalline quality by enabling higher
temperature growth. However, reduction in Sn compo-
sition at fixed strain will increase the magnitude of the
band gap in the semiconducting regime. Application of
tensile strain to reduce the band gap also reduces the crit-
ical thickness, leading to a trade-off for epitaxial growth
of semimetallic Ge1−xSnx. In practice, simultaneous in-
14
0 1 2 3 4



















0 1 2 3 4






















FIG. 9: (a) Sn composition x at which the band gap of [001]-
oriented pseudomorphic Ge1−xSnx closes – i.e. the alloy be-
comes semimetallic – as a function of in-plane tensile strain
εxx, demonstrating that the Sn composition required to close
the alloy band gap can be strongly reduced via choice of sub-
strate. (b) Critical thickness associated with the alloy Sn
compositions of (a).
troduction of tensile strain and a reduction of Sn compo-
sition required to close the band gap can be achieved via
growth on substrates having lattice constant intermedi-
ate between those associated with the relaxed Ge1−xSnx
alloy and ZnTe.
We have calculated the minimum Sn composition at
which the alloy becomes semimetallic as a function of
applied tensile pseudomorphic strain for the same SQSs
considered above. The results of these calculations are
summarised in Figs. 9(a) and 9(b) which show, as a func-
tion of in-plane tensile strain, (a) the Sn composition x
at which the alloy band gap closes, and (b) the criti-
cal thickness tc corresponding to the Sn composition and
tensile strain in (a). Figure 9(a) therefore summarises
as a function of Sn composition and tensile strain the
conditions under which pseudomorphic Ge1−xSnx alloys
are predicted to be semiconducting or semimetallic. At
zero strain, corresponding to the relaxed alloy calcula-
tions of Fig. 4, we recall that x ≈ 0.21 is required to
close the alloy band gap. The Sn composition at which
the band gap closes is calculated to decrease approxi-
mately linearly with applied tensile strain, by ≈ 4.6%
Sn per % tensile strain (i.e. in-plane lattice mismatch
εxx). We note that extrapolation to x = 0 in Fig. 9(a)
gives εxx ≈ 4.4%, corresponding to the closing of the di-
rect band gap of Ge under pseudomorphic tensile strain
(cf. Fig. 6(a)). Examining Fig. 9(b) we find tc & 10 nm
for εxx . 2%, corresponding in Fig. 9(a) to Sn composi-
tions x & 0.11. As such, we predict that the minimum
Sn composition required to close the alloy band gap can
be reduced by a factor of approximately two in a tensile
strained pseudomorphic Ge1−xSnx layer compared to a
relaxed alloy, assuming that the layer is sufficiently thick
to prevent opening of a band gap via quantum confine-
ment.
The strained lattice constants of Figs. 9(a) and 9(b)
lie in the range 5.80 – 5.89 Å, lower than the lattice con-
stant of ZnTe. This suggests additional paths to engi-
neer the minimum Sn composition at which the alloy be-
comes semimetallic: pseudomorphic growth of Ge1−xSnx
on InP substrates, or metamorphic growth on relaxed
InyGa1−yAs metamorphic buffer layers.87 InP has a lat-
tice constant of 5.87 Å,94 lying within the range described
above. InyGa1−yAs has a lattice constant varying be-
tween 5.65 Å (y = 0) and 6.06 Å (y = 1),95 which cov-
ers the entire range described above, allowing for lattice
matching to relaxed Ge1−xSnx alloys up to x ≈ 0.50.
Finally, Figs. 5 and 8 also suggest an alternative strat-
egy for producing Ge1−xSnx thin films to engineer a
semimetal-to-semiconductor transition by varying alloy
film thickness. Pseudomorphic growth of a sufficiently
thick, low x Ge1−xSnx/Ge metamorphic buffer layer
would exhibit semiconducting behaviour. Grown suffi-
ciently thick to allow for relaxation, such a layer will pos-
sess an increased lattice constant relative to the Ge sub-
strate. Subsequent growth on top of this buffer layer with
increased x will increase the critical thickness relative
to Ge1−xSnx/Ge, pushing a given critical thickness to
higher x. In this manner, thicker semimetallic Ge1−xSnx
films grown on a lower x metamorphic buffer may be
achievable. Alternatively, thinner unrelaxed buffer lay-
ers with increased x would also be suitable, as compres-
sive strain and quantum confinement contribute to open-
ing a band gap, allowing for a semiconducting virtual
substrate. With a reduced band gap relative to the Ge
substrate and buffer layer, electrical measurements can
indicate if a semimetal-to-semiconductor transition can
be achieved using such a growth scheme.
IV. CONCLUSIONS
In summary, we have presented a theoretical analysis
of the electronic structure of Ge1−xSnx across the full al-
loy composition range. Using DFT calculations for SQS
alloy supercells we have quantified the nature and evo-
lution of the band gap of free-standing and pseudomor-
phically strained Ge1−xSnx with Sn composition x, and
interpreted the electronic structure via (i) direct quan-
titative analysis of key alloy eigenstates, and (ii) model
analysis based on deformation potential theory. Based
on parameters extracted from DFT calculations, we ad-
ditionally employed continuum elasticity theory to pro-
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vide estimates of critical thickness limits associated with
pseudomorphic growth of Ge1−xSnx epitaxial layers on
Ge, ZnTe and CdTe substrates (with ZnTe and CdTe
chosen for having lattice constant respectively close to
that of zb-GeSn and α-Sn). The results of our electronic
structure calculations were found to be in good quanti-
tative agreement with experimental measurements across
the range of Sn compositions for which data are currently
available. Furthermore, our predicted critical thickness
limits for pseudomorphically strained Ge1−xSnx alloys
were found to be in quantitative agreement with the re-
sults of our first principles analysis of thermodynamic
stability in Ge1−xSnx,36 predicting that it is energetically
favourable for epitaxial Ge1−xSnx/Ge layers to become
amorphous for x & 0.56.
In the low Sn composition range x . 0.10, our results
firstly confirmed the presence of an indirect- to direct-
gap transition, as described widely in the literature. The
calculated values of the hydrostatic deformation poten-
tial (pressure coefficient) associated with the fundamen-
tal alloy band gap in this composition range were found
to be intermediate between those associated with the in-
direct fundamental L+6 -Γ
+





of Ge. This supports emerging evidence suggesting that
Sn-induced hybridisation of Ge CB states plays a key
role in characterising the indirect to direct-gap transi-
tion, which will have significant consequences for proper-
ties relevant to proposed device applications at low x. For
x & 0.10 we demonstrated that the minimum Sn compo-
sition required to close the alloy band gap can be engi-
neered via both alloying and pseudomorphic strain. We
predict that free-standing Ge1−xSnx becomes semimetal-
lic at x ≈ 0.21, and that combining alloying of Ge and Sn
with strain engineering allows to significantly reduce the
magnitude of the inverted (negative) Γ−7 -Γ
+
8 energy that
must be overcome by quantum confinement to open a
band gap in semimetallic Ge1−xSnx. For tensile strained
pseudomorphic Ge1−xSnx, we estimate that the Sn com-
position required to reduce the inverted Γ−7 -Γ
+
8 energy
separation can be reduced to x ≈ 0.11 in Ge1−xSnx pseu-
domorphic layers having critical thickness tc ≈ 10 nm.
The realisation of recently proposed nanoscale in-
trinsic, confinement-modulated-gap diodes and transis-
tors relies on the availability of materials for which the
semimetal-to-semiconductor transition can be engineered
to create thicker semimetallic regions adjacent to thinner
semiconducting regions. In this respect, Ge1−xSnx alloys
offer opportunities to engineer the electronic structure to
meet novel device requirements. One advantage is the
reduction of the magnitude of the inverted semimetallic
energy gap to be overcome by quantum confinement in
order to induce a band gap in semimetallic Ge1−xSnx,
compared to that in α-Sn. Reducing this inverted energy
gap relaxes constraints on the minimum film thickness
at which the semimetal-to-semiconductor transition can
be observed. The possibility to explore pseudomorphic
growth on different substrates and metamorphic buffer
layers provides opportunities to combine alloy composi-
tion and strain engineering to control the Sn composi-
tion at which Ge1−xSnx becomes semimetallic. We note
that further possibilities for band gap engineering in thin
films and nanowires are also offered by, e.g., choice of
surface termination, making Ge1−xSnx nanostructures a
promising platform for electronics applications. Overall,
we conclude that combining pseudomorphic strain with
alloying in Ge1−xSnx presents rich opportunities for band
structure engineering, presenting opportunities for novel
applications in electronic and photonic devices at higher
Sn compositions.
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